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Abstract 
In this paper, we show that if a composite link has tunnel number one, then it is a 
connected sum of a 2-bridge knot and a Hopf link. 
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Introduction 
Let L be a link in the 3-sphere S3, i.e., L is a disjoint union of finitely many 
tame simple closed curves in S3. If L consists of a single component, then it is 
called a knot. Let r(L) be the minimum number of elements of z-~(E(L)) which 
generate the group. Let t(L) be the minimum number of mutually disjoint arcs 
properly embedded in the exterior E(L) whose complementary space is a handle- 
body, where E(L) = cl(S3 - N(L)) and N(L) is a regular neighborhood of L in 
S3. Then t(L) is called the tunnel number of L. 
We call L an r generator link if r(L) = r and L a tunnel number t link if 
t(L) = t. For a tunnel number one link L, we call the arc in E(L) whose 
complementary space is a genus two handlebody an unknotting tunnel for L. By 
the definition of r(L) and t(L), we have the inequality r(L) < t(L) + 1. 
Norwood and Jones proved in [6] and [2] that every two generator knot is prime. 
Hence by the above inequality, this implies that every tunnel number one knot is 
prime. (cf. [5,8]). On the other hand, Norwood has shown in [6] that the link which 
is a connected sum of a trefoil knot and a Hopf link has tunnel number one (and 
hence generator two). By this example, we can ask which composite links have 
tunnel number one or generator two. Concerning this question, Jones proved in [2] 
that every composite two generator link has a Hopf link summand. In this paper, 
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we completely determine composite tunnel number one links. In fact, we show: 
Theorem 0.1. Let K be a nontrivial knot in S” and L a 2-component link in S3. Then 
K#L has tunnel number one if and only if K is a 2-bridge knot and L is a Hopf link. 
Moreover, any unknotting tunnel for K#L is isotopic in E(K#L) to one of the four 
arcs yl, y2, y3 and y4 indicated in Fig. 1, which are obtained from the upper or the 
lower tunnels for the 2-bridge knot K. 
Remark 0.2. If a composite link has tunnel number one, then since tunnel number 
one knots are prime and 3-component links have tunnel number at least two, it is a 
connected sum of a knot and a 2-component link. 
1. Preliminaries 
We work in the piecewise linear category. Let K and L be a knot and a link in 
S3 satisfying the hypothesis of Theorem 0.1. Then since K#L is a 2-component 
link, we can put K#L = K, u K,, where Ki is a knot in S3 (i = 1, 2). Let y be an 
unknotting tunnel for K, UK,. Throughout the proof of Theorem 0.1, we regard y 
as an arc in S3 connecting K, and K,. Let N(K, U K, U y> be a regular 
neighborhood of K, u K, U y in S3. Put Vi = N(K, U K, U y> and V, = cl(S3 - Vi). 
Then (I’,, V,) is a genus two Heegaard splitting of S3. Since K, UK, is a 
composite link, there is a 2-sphere S in S3 which gives the connected sum. We 
may assume that K, n S consists of two points and K, n S = @. Then we can put 
SnI/,=quD;uD,uD,u ..* u D,, where Df is a disk intersecting K, in a 
point (i = 1, 2) and 0, is a disk not intersecting K, UK, (j = 1, 2,. . . ,1X Since Vi 
Fig. 1. 
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can be regarded as a union of two solid tori N(K,), N(K,) and a l-handle N(y), 
we may assume that DT and 0; are mutually parallel nonseparating disks in V, 
and D,, D2,..., D, are mutually parallel separating disks in V, illustrated in Fig. 
2. 
We assume that #(I’, n S) is minimum among all 2-spheres which give nontriv- 
ial connected sum of the link K, U K, and intersect V, in such disks, where #( * ) 
denotes the number of the components. Put V, rl S = S, and I’, n S = S,. 
Lemma 1.1. S, is incompressible in V2. 
Proof. Before the proof, we prepare a claim. 
Claim. K, u K, is not a split link. 
Proof. Suppose K, U K, is a split link. If at least one of K, and K, is a nontrivial 
knot, then we have r(K, UK,) > 3. This contradicts that K, UK, has tunnel 
number one. Hence both K, and K, are trivial knots and K, UK, is a trivial link. 
However, this contradicts that K, U K, is a connected sum of a nontrivial knot and 
a link. This contradiction completes the proof of the claim. 
By Claim, we see that S3 - (K, U K,) is irreducible. Suppose S, is compressible 
in V,, and let D be a compressing disk for S, in V,. Since D n (K, U K,) = @, 
there is a disk D’ in S such that LID’ = aD and D’ n (K, UK,) = @. By the 
irreducibility of S3 - (K, u K2), the 2-sphere D u D’ bounds a 3-ball in S3 - (K, 
U K2). Hence we can reduce the number #(S,). This contradiction completes the 
proof of the lemma. q 
Let {E,, EJ be a complete meridian disk system of V,, and put E = E, U E,. 
Then by the incompressibility of S, in V2 and the irreducibility of V,, we may 
assume that E n S, f @ and that each component of E n S, is an essential arc in 
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Lemma 1.3. If 1 > 0, then no oi is of type II. 
Proof. If there is an arc LYE of type II, then we can find a d-arc in the planar 
surface in S, cut off by (Y~, a contradiction. q 
Lemma 1.4. If 1 > 0, then no czi is an e-arc. 
Proof. If there is an e-arc, then any arc is of type I or of type II. Then by Lemma 
1.3, (pi is of type I. Then it is a d-arc, a contradiction. 0 
Lemma 1.5. If 1 > 0, then a1 is of type III. 
Proof. By Lemma 1.3, (pi is of type I or of type III. If (pi is of type I, then it is a 
d-arc. Hence (pi is of type III. 0 
Throughout this paper, for an m-manifold M (m = 2 or 3 respectively) and an 
n-manifold N (n = 1 or 2 respectively) properly embedded in M, a component of 
A4 - N means the closure of a component of M - N. 
2. Essential annuli in a genus two handlebody 
In this section, we prepare several lemmas without proof to characterize 
essential (i.e., incompressible and not &parallel) annuli properly embedded in a 
genus two (orientable) handlebody. These characterizations have already been 
done by Kobayashi in [3]. For brevity, we state those simply. For more detailed 
statements, see Section 3 of [3]. We say that a disk properly embedded in a 
3-manifold is essential if it is not &parallel. Hence any nonseparating disk is 
automatically essential. 
Lemma 2.1 [3, Lemma 3.21. Let A be an essential annulus properly embedded in a 
genus two handlebody V. Then either: 
(1) A is a union of an essential separating disk and a band or 
(2) A is a union of a nonseparating disk and a band (see Fig. 4). 
Remark 2.2. In Lemma 2.1, by the incompressibility of A the band winds around a 
handle of V at least once. Moreover in Lemma 2.1(l), the band winds around a 
handle of V at least twice, because if the band winds around a handle of V exactly 
once, then the annulus is &parallel. 
Lemma 2.3 [3, Lemma 3.41. Let A, and A, be mutually disjoint nonparallel essential 
annuli properly embedded in a genus two handlebody V. Then by Lemma 2.1, Ai is a 
union of an essential disk Di and a band bi (i = 1, 2), and either: 
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(1) 
(2) 
Fig. 4. 
(1) D, and D, are mutually parallel separating disks and 6, and b, do not run 
over each other, 
(2) D, and D, are mutually parallel nonseparating disks and b, and b, do not 
run over each other, or 
(3) one of D, and D,, say D,, is a separating disk, D, is a nonseparating disk 
and b, runs over 6, (see Fig. 5). 
Remark 2.4. In Lemma 2.3(2), the both bands b, and b, wind around a handle of 
I/ at least twice. Because if one of 6, and b, winds around a handle of V exactly 
once, then the other winds around a handle of I/ exactly once too, and hence A, 
and A, are mutually parallel. This is a contradiction. Thus by Remark 2.2, in any 
case of Lemma 2.3 every band winds around a handle of V at least twice. 
Lemma 2.5 [3, Lemma 3.51. Let A,, A, and A, be mutually disjoint nonparallel 
essential annuli properly embedded in a genus two handlebody V. Then one of them is 
a separating annulus and the other two are nonseparating annuli. Hence by Remark 
2.2, each annulus winds around a handle of Vat least twice (see Fig. 6). 
3. Detecting knot and link types 
Recall the terms and notations in Section 1, and recall Fig. 2. In this section, we 
show that I> 0 and study the case when I= 1. 
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Fig. 5. 
Fig. 6. 
Lemma 3.1. I > 0. 
Proof. Suppose I = 0. Then by Lemma 1.1, S2 is an incompressible annulus 
properly embedded in V,. Let B be the 3-ball in VI bounded by DT u DT. If S, is 
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&parallel, then S, is isotopic rel. I%, = a(Dy u 0;) to the annulus cl(G? - (DT u 
LIZ)). Then since (B, B fl (K, U K,)) = (B, B n K,) is a l-string trivial tangle, this 
shows that S gives a trivial connected sum. This is a contradiction. Thus S, is an 
essential annulus in V,. Moreover, since a(DT U 0;) splits W, into an annulus and 
a torus with two holes, S, is a separating annulus in V,. 
By Lemma 2.1 and Remark 2.2, S, is a union of an essential separating disk and 
a band which winds around a handle of V, n(> 1) times. Hence each component 
of as, winds around a handle of V2 n(> 1) times and misses a meridian of the 
other handle. By the way, since DT is a nonseparating disk of V,, aDy is a loop of 
a Heegaard diagram of (V,, VJ. Thus H,(I/, U V,;Z> has the following presenta- 
tion: 
H,( v, u v,; Z) = (x3 y,l(: !)(:) = (:))* 
This shows that H,(S3;Z) # 0, a contradiction. Hence I > 0, and this completes 
the proof of the lemma. q 
Suppose I = 1. Let X,, X, and X3 be the three components of V, - <DT U 0; 
u D,), where X, is the 3-ball bounded by DT U Dg, X2 is the 3 ball bounded by 
DT u DT U D, and X3 is the solid torus cut off by D,. Since (or is of type III by 
Lemma 1.5, the band b, which is produced by the isotopy of type A at (or meets 
D,. Then b, is contained in X, or in X,. Put A, = D, U b,, then A, is an annulus 
properly embedded in V,. Since (pi is of type III, we can put V, f’ So) = F, U F2, 
where F, is an annulus properly embedded in I’, (i = 1, 2). Then by the argument 
in the proof of Lemma 1.1, F, U F2 is incompressible in V,. 
Lemma 3.2. b, is contained in X3. 
Proof. Suppose b, is contained in X,. By the incompressibility of F, U F2 in V,, no 
component of &4, bounds a disk in W,. Then since cl(aX, - CDT u DT u D,)) is a 
2-sphere with three holes, we can find a disk D in X, such that D intersects K, in 
a point and D n CDT U DT UA,) = D flA, = aD is a core of A,. 
Let P, and P, be the two components of So) - aD. Then we may assume that 
P, contains 07 (i = 1, 2). Put Qi = P, U D (i = 1, 2). Since So) gives a nontrivial 
connected sum of K, UK,, we may assume that Q, gives a nontrivial connected 
sum of K, u K,. Then since Q, n VI consists of two mutually parallel nonseparat- 
ing disks of I’, each of which intersects K, in a point, this situation is the same as 
that in the case when 1= 0. This contradicts Lemma 3.1 and completes the proof 
of the lemma. q 
Lemma 3.3. b, winds around a handle of VI at least once. 
Proof. Suppose 6, does not wind around a handle of VI. Then A, is compressible 
in X3. By the incompressibility of F, u F2 in V,, no component of &4, bounds a 
disk in WI. Hence a core of A, is a meridian loop of the solid torus X,, and we 
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can find a disk D in X, such that D intersects K, in a point and D f~ A, = aD is a 
core of A, c S(l). On the other hand, since So) n K, = (d, the algebraic intersection 
number of D and K, has to be even. This contradiction completes the proof of 
the lemma. 0 
By Lemma 3.3, we see that A, is a separating incompressible annulus properly 
embedded in Vi, and hence a(DT U 0: UA,) consists of two parallel classes in aV,, 
one of them is a(Dy U 0;) and the other is aA,. 
Suppose one of F, and F2, say F,, is a-parallel in V2. Then since the two loops 
of aF, are mutually parallel in aV,, aF, is identified with a(DT u 0:) or with aA,. 
This shows that So) has more than one component, a contradiction. Hence both 
F, and F, are essential in I’,. If F, and F, are not mutually parallel, then by 
Remark 2.4, each component of a(F, U F,) winds around a handle of Vz at least 
twice. Since DT is a nonseparating disk of V, and aD7 is identified with a 
component of a(F, u F2), by the argument in the proof of Lemma 3.1, we have 
H,(S’;Z) # 0, a contradiction. Hence F, and F2 are mutually parallel. If one of F, 
and F2 is a separating annulus, then by Remark 2.2, each component of a(F, U F2) 
winds around a handle of V, at least twice. Then we have a contradiction similarly 
to the above. Thus F, and F, are mutually parallel nonseparating annuli which 
wind around a handle of V, exactly once. 
By Lemma 2.1(2), there is a nonseparating disk D of V, such that D n (F, U 
F,) = fl. Let N(D) be a regular neighborhood of D in V,, and put U = cl(l/, - 
N(D)). Then U is a solid torus and F, (i = 1, 2) is an annulus properly embedded 
in U which winds around U exactly once. Then we can consider that U = F, X [O, 31, 
F, = F, X (1) and F, = F, x (2). Let D, be a disk in Int(F,), and put D, = D, X (0) 
and D, = D, X {3}. Then we can consider that V, is obtained by attaching a 
l-handle N(D) to U along D, U D, (see Fig. 7). 
Fig. 7. 
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Let N(X,) be a regular neighborhood of X, in Vi. Then we can consider that 
N(X,) = DT X [O, 31, DT = DT X (1) and 0; = DT X (2], and that N(X,) Cl K, = 
{x,) X [O, 31, where x, is a point in Int(DT>. Let c be a component of Vi. Then 
since we may assume that a<DT U 0;) is identified with c X {l, 21, we may assume 
that 3DT x [O, 31 is identified with c X [O, 31. Put WI = cl(V, - <DT x [O, 31)) and 
W, = Vz u (DT x [O, 31). Then WI is a solid torus, and W, is a solid torus too. Put 
G, = F, u DT and G, = F, U 0;. Then Gi (i = 1, 2) is a meridian disk of the solid 
torus W,, and a(G, U G,) is identified with &4, caW,. Since (WI, W,> is a genus 
one Heegaard splitting of S3, A, winds around WI exactly once. Let A be an 
annulus, a a component of &4 and z a point in Int(A). Then we can consider that 
WI =A x [i, i], A, is obtained by pushing the interior of the annulus a X [l, 21 
into lnt(W,), K, is obtained by pushing the loop a x {:I into Int(W,l, WI f~ K, = 
{z} x [i, $1 and y is a “trivial” arc connecting WI f~ K, and K, and intersecting 
A, in a point (see Fig. 8). 
Now, since a(G, u G,) is identified with aA,, we may assume that aG, X [i, 21 
is identified with a X [$, $1. Put B, = WI U (G, X [i, $1) and B, = cl(W, -(G, X 
[i, %I)). Then B, is a 3-ball. And since we can consider that B, is obtained by 
connecting the two 3-balls G, X [O, +I and G, x [$, 31 by the l-handle N(D), B, is 
a 3-ball too. Hence (B,, B2) is a genus zero Heegaard splitting of S3. Recall that 
K, u K, = K#L, S n K, = two points and S n K, = @. Let B be the 3-ball in B, 
bounded by the 2-sphere A, U G, U G2( = So)). Since (B, B fIK,) is a l-string 
hl 
W1nK1 
Y 
Fig. 8. 
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trivial tangle, we can regard K, as K. Since (Bi, Bi n K,) is a 2-string trivial tangle 
(i = 1, 2), Ki is a 2-bridge knot. Hence K is a 2-bridge knot. On the other hand, 
since (B, B n (K, u K,)) is a tangle illustrated in Fig. 9, L is a Hopf link. Finally 
by Fig. 8, we see that the unknotting tunnel y is obtained from the upper or the 
lower tunnel for the 2-bridge knot K. Thus the conclusion of Theorem 0.1 holds if 
1= 1. 
4. Proof of Theorem 0.1 
By Fig. 1, the “if” part is clear because of [4, Proposition 3.11. So we show the 
“only if’ part. 
Recall the terms and notations in Section 1, and recall Fig. 2. By Lemma 3.1, 
I> 0. In this section, we show I= 1. Then by the argument in Section 3, we 
complete the proof of Theorem 0.1. 
Lemma 4.1. cxi is of type III for i = 1, 2,. . . , 1. 
Proof. Perform isotopies of type at (Y~ (i = 1, 2,. . .). By Lemmas 1.3 and 1.5, cxi is 
of type III and czi is of type I or of type III for i = 2, 3,. . . . Suppose (Ye + 1 is of type 
I and ‘yj is of type III for all j G k. If k 2 I, then the proof is completed. Suppose 
k < 1, and let Aj be the annulus in Vi produced by the isotopy of type A at cxj 
(j= 1, 2,..., k). Note here that if (Y, meets a component C of as, - <Cr U C:> for 
some s < k, then LY, does not meet C for any t with s < t G k, because LY, is an 
essential arc in V, n P. 
By the argument in the proof of Lemmas 3.2 and 3.3, A,, A,,.. .,A, are all 
mutually parallel separating incompressible annuli properly embedded in Vi. Since 
(~~+i s not a d-arc or an e-arc by Lemmas 1.2 and 1.4, bk+l connects two annuli 
A, and A,+, and is contained in the region between A, and A, + 1 for some s < k. 
Then since b,, I does not run over the bands b,, 1, b,, 2,. . . , b,, by pushing back 
these bands into V, leaving bk+l in Vi, we can change the order of (cxi}:= 1so that 
@,+I(= ak+l in the old order) is a d-arc. Then by Lemma 1.2, we can reduce the 
number #(S,), a contradiction. Hence czi is of type III for i = 1, 2,. . . , 1. 0 
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By Lemma 4.1 and the argument in the proof, we can put Vi n S(l) = DT u 0; 
UA,UA,lJ . . . UA,, where A,, A, ,..., A, are all mutually parallel separating 
incompressible annuli in Vi. Then since ai, (Ye,. . . , aI are all of type III, we can 
put V,nS”‘=F,uF,u *.. UF,,,, where Fi is an incompressible annulus in V, 
(i = 1, 2,. . . , 1 + 1). Suppose there is a &parallel annulus in {&If::, say F,. Then we 
have the following three possible cases: 
Case 1: F, is isotopic rel. aF, to the annulus in W, bounded by a(DT u Dg), 
Case 2: F,. is isotopic rel. aF, to the annulus in W, bounded by two mutually 
parallel components of a(A, U A,+ 1 1 for some s, or 
Case 3: F, is isotopic rel. aF, to the annulus in W, bounded by aA,. 
In Case 1, DT u 0; U F,. is a 2-sphere, and hence I= 0, a contradiction. In Case 
2, since A, and A,+1 are mutually parallel, we can push back the annulus 
A, UF,UA,+, into V,, and can reduce the number #(S,), a contradiction. In Case 
3, A, U F, is a torus, a contradiction. Thus F,, F2,. . . , F,,, are all essential in V,. 
If {f;;]fzi contains a separating annulus, then by Lemmas 2.1, 2.3, 2.5 and 
Remarks 2.2 and 2.4, any loop of d(F, U F2 U . . . U F,, 1) winds around a handle 
of I’, at least twice and misses a meridian of the other handle. Then by the 
argument in the proof of Lemma 3.1, we have H,(S3; Z) # 0, a contradiction. Thus 
F,, Fz,...,F,+i are all nonseparating annuli. Then by Lemma 2.5, IF,}::: has at 
most two parallel classes. If it has exactly two parallel classes, then by Remark 2.4, 
any loop of XF,UF~U ... U Fl+l> winds around a handle of V, at least twice. 
Then we have a contradiction similarly to the above. Hence F,, F2,. . . , Fl+l are all 
mutually parallel nonseparating annuli which wind around a handle of V, exactly 
once. 
By Lemma 2.1(2), there is a nonseparating disk D of V2 such that D f3 (F, U F2 
U . . . U F,, 1) = @. Let N(D) be a regular neighborhood of D in V2 and put 
U = cl(V, -N(D)). Then we can consider that U = F, X [O, 1+ 21, Fj = F, X (i} 
(i = 1, 2,. . .) 1 + 1). Let D, be a disk in Int(F,) and put D, = D, X IO1 and 
D 1+2 = D, x (I + 2). Then we can consider that V, is obtained by attaching a 
l-handle N(D) to U along D, U D/+, (see Fig. 7). Then W, - XF, U F2 U . . . U 
F,,,) consists of a 2-sphere with four holes, which is bounded by a(F, U Fl+l), and 
21 annuli. On the other hand, W, - a(DT U 0; UA, U . . . UA,) consists of a 
2-sphere with four holes, which is bounded by a(DT U D,* U A,), and 21 annuli. 
Hence a(F, u F,,,) is identified with a(Dy U 0; UA,), and DT U DT UA, U F, U 
F 1+1 is a 2-sphere. This shows that I = 1 and completes the proof of Theorem 0.1. 
0 
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